Binary black hole mergers are analyzed using concepts from introductory physics. Drawing upon Newtonian mechanics, dimensional considerations, and analogies between gravitational and electromagnetic waves, we are able to explain the principal features of LIGO's data and make order of magnitude estimates of key parameters of the event by inspection of the data. Our estimates of the black hole masses, the distance to the event, the initial separation of the pair, and the stupendous total amount of energy radiated are all in good agreement with the best fit values of these parameters obtained by the LIGO-VIRGO collaboration.
I. INTRODUCTION
On September 14, 2015 the LIGO collaboration detected gravitational radiation from the merger of a binary black hole a billion light years away. [1] This discovery is a major scientific breakthrough that constitutes the first direct observation of gravitational radiation almost a hundred years after Einstein predicted it. It has also opened a new window on the Universe. [2] Arguably the LIGO observation is the most sensitive measurement ever made in the history of science. The experiment has generated tremendous interest both amongst the general populace as well as amongst students taking physics. Thus it represents an exceptional pedagogical opportunity.
The event observed by LIGO (designated GW150914) consisted of the merger of two black holes with masses equal to 29 and 36 solar masses respectively. The process took approximately a tenth of a second. The energy released in the form of gravitational radiation was energy equivalent of three solar masses. The merger took place at a distance of a billion light years and hence a billion years ago. The direction of the source was only partially determined by the two LIGO detectors. All of these facts were inferred from data summarized in figure 1 (reproduced from the discovery paper by the LIGO collaboration [1] ). The parameters quoted were extracted by fitting the data to templates generated by state of the art numerical relativity.
The purpose of this article is to explain key features of the data in figure 1 in terms of introductory physics and to use figure 1 to make back of the envelope estimates of the parameters quoted in the preceding paragraph. We make simple arguments based on Newtonian gravity, dimensional analysis and a rudimentary acquaintance with electromagnetism and waves. The arguments are meant to be accessible to students in a college introductory physics course as well as to high school students taking AP physics.
Binary black hole mergers take place in three stages. Initially the black holes circle their common center of mass in essentially circular orbits. During this stage they lose orbital energy in the form of gravitational radiation and spiral inward. In the second stage the black holes coalesce to form a single black hole. In the third stage, called ring-down, the merged object relaxes into its equilibrium state called a Kerr black hole. [3] Gravitational radiation is emitted copiously during merger and ringdown as well but it is the in-spiral stage that is conducive to simple analysis and is the basis of the back of the envelope estimates presented here. By contrast the merger and ring-down are decidedly less simple. Although not a standard component of introductory courses or texts on general relativity, the ring-down process can be presented at that level. [4] The merger presents a formidable problem in numerical relativity that had until recently resisted all attempts at solution. [5] The remainder of this paper is organized as follows. In section II we use simple arguments based on introductory physics to elucidate the underlying physics and we use the data shown in figure 1 to estimate the masses of the black holes, their distance from earth, their initial separation and the total gravitational energy radiated. Along the way we define the chirp mass of a binary black hole system and derive the only equation that appears in the discovery paper. [1] We also present a lower bound on the total mass of the black hole pair. In our analysis we do not estimate the rotational angular momentum of the black holes either before or after the merger. In section III we discuss this and other limitations of our analysis as well as other matters of pedagogical interest. In order to make our article more useful for instructors as well as for self study we provide some problems in appendix B.
II. PARAMETER ESTIMATION
Kepler's third law. During the in-spiral the two black holes can be modeled as point masses of mass M and m that move around their common center of mass in circular orbits of radii R and r respectively at a common angular frequency ω. The black holes remain on opposite sides of the center of mass and hence their separation is R + r. Obviously M r = mR. At least initially, when the motion FIG. 1: Summary of LIGO data (reproduced from the discovery paper [1] ). The top left panel shows the strain h observed by the Hanford detector as a function of time; the top right panel shows the data for the Livingston detector with the Hanford data time-shifted, inverted and overlaid to show the excellent match between the two detectors. The data have been band pass filtered to lie in the 35-350 Hz band of maximum detector sensitivity; spectral line noise features in the detectors within this band have also been filtered. The second row shows a fit to the data using sine-Gaussian wavelets (light gray) and a different waveform reconstruction (dark gray). Also shown in color are the signals obtained from numerical relativity using the best fit parameters to the data. The third row shows for both detectors the residuals obtained by subtracting the numerical relativity curve from the filtered data in the first row. The fourth row gives a time-frequency representation of the data and shows the signal frequency increasing in time.
is slow and the black holes are well separated, Newtonian mechanics and Newton's law of gravitation should apply. It is then easy to show that the frequency is related to the separation of the two black holes via
We consider circular orbits for simplicity since our goal is only to make rough estimates. More careful analysis shows that even if the orbits were initially elliptical then emission of gravitational radiation will in any case quickly circularize the orbits. [6] Orbital energy. Continuing the Newtonian analysis of the orbiting black holes it is useful to calculate the total energy of the system, namely, the sum of the orbital kinetic energy of both black holes and their mutual gravitational potential energy. A short calculation reveals [19] 
Eq (2) gives the energy of the system as a function of the black hole separation. For later use it is convenient to use eq (1) to express the energy as a function of the frequency of the orbit instead.
Moment of inertia. Another useful preliminary result is to calculate the moment of inertia of the orbiting black holes about their common center of mass, and to express the result in terms of the masses of the black holes and their separation (R + r). The result is
Gravitational radiation emission. Within the Newtonian framework there is no gravitational radiation and the circular orbit analyzed above should persist forever. However in general relativity the orbiting black holes will emit gravitational radiation thereby losing energy and spiraling towards each other. In order to analyze this process we need to develop a formula for the rate of gravitational radiation emission. Gravitational radiation is emitted when large massive objects move appropriately much as electromagnetic radiation is emitted when charged particles accelerate. Under suitable conditions the gravitational radiation field is determined by the changing quadrupole moment of the mass distribution; the mass quadrupole is essentially the same thing as the moment of inertia that is familiar from introductory physics. [20] The radiation field is proportional to the quadrupole that sources it and hence the radiated power P rad ∝ I 2 . This is because the energy density in a gravitational wave depends on the square of the field much as the energy density in an electromagnetic wave depends on the squares of the electric and magnetic fields. We also expect the radiated power to depend on the frequency ω at which the radiating system is oscillating and on the fundamental constants G and c. Hence on dimensional grounds we expect
Here α is a dimensionless numerical factor and ξ, η and ζ are exponents that can be determined by dimensional analysis. It is easy to verify that
The constant α cannot be as simply determined. A full analysis based on general relativity is needed [7] and reveals that α = 32/5. Finally we note that to the extent that the quadrupole approximation itself is valid one can show that the angular frequency of the radiation emitted is 2ω. The reason for the factor of two is explained in appendix A where a more rigorous version of eq (6) is also provided. Appendix A requires some familiarity with the moment of inertia tensor which is not a standard component of an introductory physics course; [8] however the appendix is outside the main line of development of this article and can be safely skipped.
Energy Balance. Making use of eqs (6) and (4) and (1) we see the power of gravitational radiation emission by the binary black holes is given by
On the other hand the rate at which the binary black holes lose orbital energy is obtained by differentiating eq (3)
Equating the energy loss (8) to the power radiated (7) yields
It is conventional to define the chirp mass M as the left hand side of eq (9) . The chirp mass is a crucial scale in the in-spiral process. The Chirp. In order to compare to the data it is helpful to rewrite eq (9) in terms of f the frequency of observed radiation. Equating 2πf to 2ω (keeping in mind that the frequency of radiation is twice that of the orbital frequency), we have that ω = πf . Making this substitution in eq (9) we obtain
Setting α = 32/5 Eq (10) precisely matches the only equation in the LIGO discovery paper. [1] Eq (10) shows that as the black holes spiral inward the frequency of the emitted radiation increases rapidly. This is the famous chirp. To make this more explicit we can integrate eq (10) to show that [21] 1
Here f 1 is the initial frequency and f 2 is the frequency after a time τ . Eq (11) shows that the frequency rises rapidly from the value f 1 and diverges in a finite amount of time τ ∞ . Of course the divergence is spurious and the rise in frequency is eventually interrupted by the coalescence of the black holes as we will see below.
Estimating the chirp mass. The bottom panel in fig 1  shows the variation of the frequency of the observed gravitational radiation as a function of time. The frequency indeed rises rapidly as predicted by eq (11) . Assuming f 2 f 1 we may neglect the second term on the right hand side of eq (11) Bound on the total mass. The chirp mass gives an idea of the scale of the system but it does not by itself reveal the individual masses of the two black holes. If the two black hole masses are equal then it follows from the definition of the chirp mass that the total mass of the pair is (4) 3/5 M. For M = 30M this amounts to a total mass of 70M or 35M per black hole. More generally one can show that if the chirp mass is M then the total mass of the pair has to be greater than (4) 3/5 M. To show this assume that the m = ξM tot and M = (1 − ξ)M tot . Here the fraction ξ lies in the range 0 < ξ < 1. From the definition of the chirp mass it follows
Over the unit interval the quantity ξ(1 − ξ) is maximum at ξ = 1/2 which rigorously justifies the lower bound on M tot noted above. Schwarzschild radius; Event horizon. It is a standard exercise in introductory physics to show that at a distance r from the center of a spherical body of mass M the escape velocity is 2GM/r (assuming that r is greater than the radius of the spherical body). Setting the escape velocity equal to the speed of light c we obtain the Schwarzschild radius R s of the body given by
If the spherical body is sufficiently dense that it is smaller than R s then it has an event horizon and is a black hole. The event horizon is a sphere of radius R s that surrounds the black hole. Particles that travel slower than the speed of light can escape the black hole only if they remain outside the event horizon. Although our analysis is based on Newtonian gravity the same conclusion emerges from classical general relativity: only particles that remain outside the event horizon can escape the black hole and the radius of the event horizon is given by eq (14) . Furthermore in classical general relativity a particle that is inside the event horizon can never emerge outside [7] , a restriction not present in Newtonian gravity.
Merger and chirp cutoff. The black holes will begin to coalesce once their separation is equal to the sum of their Schwarzschild radii. In other words
At this separation according to eq (1) the angular frequency of the orbiting black holes is
Hence we estimate that the highest frequency attained by the chirp is f c = ω c /π. Estimating the black hole masses. It follows from eq (16) that
Inspection of the bottom left panel of figure 1 suggests the value f c = 300 Hz which yields M tot = 76M , in remarkable agreement with M tot = 65M obtained by the LIGO collaboration. In order to determine the individual masses of the black holes we use M = 30M and M tot = 76M . Eq (13) then yields ξ = 0.7 implying that the individual black hole masses are 53 and 23 solar masses respectively (in fair agreement with the values of 36 and 29 solar masses obtained by the LIGO collaboration).
Estimating the total energy radiated. Perhaps the most awe-inspiring fact about GW150914 is the staggering amount of energy emitted in the form of gravitational radiation. The LIGO collaboration determined that the energy equivalent of 3 solar masses was emitted in just a tenth of a second. Making use of Einstein's formula E = mc 2 that is approximately 5 × 10 47 J. By way of comparison the sun emits 4 × 10 25 J in the form of electromagnetic radiation in a tenth of a second; over its entire lifespan of several billion years the sun will radiate less than one percent of its mass. We can estimate the total gravitational energy radiated by using eq (2) for the energy of the orbiting black holes. For the purpose of this estimate we assume that the final separation of the black holes is the sum of their Schwarzschild radii and that the initial separation is much larger and may be taken to be essentially infinite. Substituting eq (15) in eq (2) yields
as the estimate of the total amount of gravitational wave energy radiated. Setting M = 36M and m = 29M yields 4M as the estimated energy radiated in good agreement with the value of 3M determined by LIGO. Eq (18) also reveals that for a fixed total mass M +m, the radiated energy is maximized when the merging black hole masses are equal and diminishes greatly if one of the merging objects is much lighter than the other. Estimating the initial separation. Another quantity we can estimate once the total mass of the two black holes is known is the initial separation of the black holes. From the bottom left panel of figure 1 we see that the frequency of gravitational radiation is approximately 45 Hz initially when the in-spiral process commences. Substituting this frequency in eq (1) and taking the total mass of the two black holes to be 65 M reveals that the initial separation of the black holes was about 800 km. The combined Schwarzschild radii of the two black holes on the other hand are approximately 100 km.
Gravitational wave amplitude. Gravitational waves alternately stretch and compress the space through which they propagate. The amplitude of a gravitational wave denoted h is the fractional amount by which the wave stretches or compresses space or the distance between the two ends of an interferometer arm; h is a dimensionless quantity. Assuming that the intensity of a gravitational wave is proportional to the square of the amplitude, it is a simple exercise in dimensional analysis to show that the intensity is given by
The intensity is the energy flow per unit time per unit area normal to the direction of propagation and β is a dimensionless constant of order unity. A full analysis based on linearized general relativity [7] shows that β = π/2. Estimating the distance. The intensity of gravitational radiation at a distance R from in-spiraling binary black holes is directional but on average falls off with distance as I rad = P rad /4πR
2 . Using this inverse square law, eq (7) and eq (19) we can then determine R in terms of the observed h and f as
From the second panel on the left of figure 1 we see that h ≈ 10 −21 for f ≈ 250 Hz. Using these values and m = 29 and M = 36 solar masses we determine the distance of the GW150914 to be 1.7 billion light years in good agreement with the 1.3 billion light years determined by LIGO.
Directional information. With just two detectors in operation it was not possible to pinpoint the exact direction of the source. The signal arrived at the Louisiana detector before the one in Washington by 7 milliseconds. Given the approximate latitude and longitude of the detectors one can deduce that the distance between the detectors is 3000 km or 10 ms at the speed of light. If the direction of propagation of the gravitational waves was parallel to the displacement between the two sites the delay would be exactly 10 ms. On the other hand if the direction of propagation was perpendicular to the displacement vector the signal would arrive simultaneously at the two detectors. The delay of 7 ms implies that the direction of propagation makes an angle of 45
• with the displacement vector (see problem). GW150914 therefore lies on a circle on the sky that subtends an angle of 45
• . This is as far as one can go with a single delay time but the LIGO collaboration used the entire time dependence of both signals to further pinpoint particular arcs along this circle that are more likely to have been the location of the source (see figure 4 of ref 9 ). Directional information is important because it allows study of the same source by other more traditional channels such as gamma ray and neutrino astronomy. In the future it is expected that the two LIGO detectors at Livingston and Hanford will be joined by a third detector that will allow more precise location of future sources.
III. DISCUSSION
The most significant omission in our analysis is that we ignore polarization. Gravitational waves, like electromagnetic waves, have two independent polarizations and generally exist in a superposition of these two fundamental modes. LIGO separately measured the signal in both polarization channels but we did not make use of this information. Using polarization information one can deduce the orientation of the orbit relative to the observer. Since quadrupole radiation is extremely anisotropic having orientation information would have helped refine our distance estimate for example. However in the interests of simplicity we chose to overlook this refinement.
A second important omission in our analysis was to ignore the spin of the black holes both before and after the merger. Before the merger we assumed that the motion of the black holes was governed by Newtonian gravity and radiation reaction which taken together led the black holes to spiral inward. The spin of the black holes leads to additional velocity dependent forces between the black holes. Minute forces of this kind that act on satellites and gyroscopes in Earth orbit due to the rotation of the Earth have recently been measured by the LAGEOS [10] and Gravity Probe B [11] experiments. For binary black holes undergoing merger these forces are much more significant because of the larger masses and velocities involved but they remain subdominant to the Newtonian force and to radiation reaction. This makes it difficult to determine the spins of the black holes prior to merger and in our analysis we chose not to attempt it.
Incorporation of these effects and other refinements is certainly possible but is contrary to the spirit of the ballpark estimates that we wished to present here. Because of the approximations made our estimates should be correct only to order of magnitude (although serendipitously in many instances our estimates are within a factor of two of the best fit obtained by LIGO).
Prior to LIGO the best evidence for gravitational waves came from observations of binary pulsars [12] . Whereas LIGO is able to detect the actual distortion of space caused by the passage of gravitational waves, binary pulsars only provide indirect evidence for gravitational waves. The Hulse-Taylor binary pulsar for example consists of two neutron stars one of which is a pulsar. By timing the pulsar a great deal can be learnt about the orbit of the binary system [13] . The orbital period is 7.75 hours and the two stars have a mass of approximately 1.4 M each. The orbit is highly elongated with an eccentricity of 0.62. Because of the extreme regularity of the pulses and the exquisite precision with which their times are measured the masses are known to five significant figures and the eccentricity to seven. Gravitational radiation should cause the system to in-spiral. Assuming a circular orbit we can use eq (9) to estimate that the period should decrease by approximately 10 µs per year. Including a correction factor for the eccentricity [6] yields a prediction of 76.5 µs which agrees with the observed rate to within 1 percent [13] . Using eq (11) one can estimate that the time for the binary pulsar system to merge is a billion years; taking into account the eccentricity of the orbit revises this estimate downward to 300 million years [6, 13] . Either way it is clear that for the foreseeable future the binary pulsar provides access only to the in-spiral phase whereas LIGO's binary black hole has provided a view of the strong gravity physics of merger and ring-down.
Finally we briefly discuss physics after the merger. During the ring-down phase the signal from the merged black hole resembles the transients of a weakly damped harmonic oscillator familiar from introductory physics (see figure 1 ). This transient corresponds to the longest lived "quasi-normal mode" of the black hole space-time and its damping rate and ringing frequency are determined by the mass and spin of the black hole that forms a long time after merger (see ref [4] and references therein). Thus the spins of the initial black holes can be determined using the in-spiral data and the spin of the final merged object using the ring-down data. By verifying that the initial and final spins are consistent with each other using a numerical analysis of the merger the LIGO team were able for the first time to test General Relativity in the hitherto inaccessible strong field regime [2, 14] , another significant outcome of their discovery.
Note added. After completion of this work we learnt of a new e-print from the LIGO-VIRGO collaboration that covers some of the same ground as the present manuscript.
[18] We thank Andrew Matas, Laleh Sadeghian and Madeleine Wade for bringing ref [18] to our attention and Ofek Birnholtz and Alex Nielsen for a helpful correspondence.
Appendix A: Quadrupole Tensor
Consider a system of n particles with mass m i and position (x i , y i , z i ) with i = 1, 2, 3, . . . , n. The moment of inertia tensor has components
and the form of the other diagonal and off-diagonal components can be written down by analogy. [8] The quadrupole tensor is very similar. The off-diagonal components differ only in sign, e.g., Q xy = −I xy . The diagonal components have the form Q xx = −I xx + 1 3 I and similarly for Q yy and Q zz . Here I = I xx + I yy + I zz . In terms of the quadrupole tensor the power of gravitational radiation emitted is given by
Now suppose for simplicity that the rotating system lies in the x-y plane and rotates about the z-axis. After a half rotation the components of the the quadrupole tensor will have returned to their original values. As far as the quadrupole moment goes the radiating system is back to its original state after just half a rotation; hence the frequency of the radiation is twice the frequency of rotation.
Appendix B: Problems Problems 1, 2 and 3 provide additional information about the LIGO discovery; problem 4 is on a different application of the two body circular orbit discussed in Section II: and problems 5, 6 and 7 treat electromagnetic radiation and radiation reaction effects that are analogous to the gravitational effects analyzed in the main body of the paper. The problems vary in level of difficulty. A rotating electric dipole moment will produce radiation. Determine the dependence of the power radiated P electric on the magnitude of the dipole moment, p, the angular frequency of rotation, ω, and the basic electromagnetic constants 0 and c using dimensional analysis. (c) Magnetic dipole radiation. Determine the dependence of the power radiated by an rotating magnetic dipole, P mag , on the magnitude of the dipole moment, d, the angular frequency of rotation, ω, and the fundamental electromagnetic constants 0 and c using dimensional analysis.
Answer 5. 0 = 2tτ where ω 0 is the angular frequency of the pulsar at time t = 0 when it was initially created, ω is the angular frequency at time t. Assuming that ω 0 ω it follows that the age of the pulsar is t ≈ 1/2ω 2 τ . (c) The Crab Nebular pulsar was discovered in the 1960s. At that time astronomers measured ω = 200 s − 1 and dω/dt = 2.6 × 10 −9 s −2 . Use these data to determine τ and the age in years of the Crab Nebular pulsar. The pulsar is believed to have been born from the supernova recorded by Chinese astronomers [17] in the year 1054. Hint for Problem 7. Calculate the total kinetic and potential energy for a circular orbit of radius r. Note that as the electron orbits the electric dipole moment of the atom rotates leading to electric dipole radiation. Use the result of problem 5(b) and energy conservation to show that the electron spirals inward.
